e WORKSHOP | BY THOMAS HERZOG

The Rev. Thomas Bayes
and Credibility Theory

N HIS FOUNDATIONS OF CASUALTY ACTUARIAL SCIENCE, Matthew Rodermund wrote, “It is the concept
of credibility that has been the casualty actuaries’ most important contribution to actuarial science.”

would expand that assessment a bit further by adding that the best approach to credibility is via a theorem

of the Rev. Thomas Bayes (1702-1761), whose work has had a tremendous influence on modern actuarial

and statistical analyses, especially credibility theory.

Born in London, Bayes served as a nonconformist
minister in Turnbridge Wells, about 35 miles southeast of
London. Although he was elected a fellow of the Royal So-
ciety in 1742, his membership was something of a mystery
since his major work was not published until 1764, three
years after his death. However, recently discovered letters
indicate that Bayes corresponded privately with many of
the leading intellectuals of his era. Bayes’ work was show-
cased posthumously by his fellow clergyman Richard Price
and championed and extended by the French astronomer,
probabilist, and mathematician Pierre Simon Laplace.

Like Bayes, Price (1723-1791) was the son of a dissent-
ing minister. Interestingly, Price made his reputation as a
financial writer and political commentator. In a 1769 letter
to Benjamin Franklin, Price discussed life expectancy and
population increase (his observations were subsequently
published in the Philosophical Transactions of that year),
and a year later he presented a paper to the Royal Society
on the proper method of calculating the values of con-
tingent reserves. His Appeal to the Public on the Subject
of the National Debt, first published in 1771, is credited
with pushing William Pitt the Elder to re-establish a sinking
fund for the extinction of the national debt. Laplace (1749-
1827) produced seminal work in astronomy, mathematics,
and probability. Mathematicians are all familiar with the
Laplace transform in functional analysis. In a philosophical
essay on probabilities, Laplace described a mathematical
framework for conducting statistical inference that extend-
ed Bayes’ work and constituted the essence of Bayesian
statistical inference.

Statistical Paradigms
There are currently two main paradigms to statistical in-
ference: sampling theory, also known as the frequentist
approach, and the Bayesian approach.

Under the frequentist approach, the probability of an
event is its relative frequency. Random variables, such as
the aggregate claim amount in a period of observation,
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are assumed to have probability distributions whose pa-
rameters are constants. Prior information enters statistical
model building only in the selection of a class of models.
With this paradigm, the main tools of statistical inference
are confidence intervals and tests of hypotheses.

Under the Bayesian approach, probability is treated as
a rational measure of belief. Random variables, such as the
aggregate claim amount in a period of observation, are as-
sumed to have probability distributions whose parameters
may also have probability distributions. Both recent infor-
mation and prior opinions (and/or information available
before the recent information) are used to construct the
probability distributions of the statistical models or param-
eters of interest. Thus, the Bayesian approach is based on
personal or subjective probabilities and utilizes a theorem
developed by Bayes that states that if A and B are events,
then P[B]>0, then

P[B | A » P[A]

PIA| B ==

Besides this theorem, the main tools of Bayesian sta-
tistical inference are predictive distributions, posterior
distributions, and (posterior) odds ratios.

Bayes’ Theorem is important to actuaries because it
enables them to perform statistical inference by comput-
ing inverse probabilities, but it has practical applications in
many other fields as well (Michael Kanellos, for instance,
has written in CNET News.com about the application of
Bayes’ theorem to computer data searches). What exactly
do actuaries mean by inverse probabilities? We use the
term inverse because we are inferring backwards from
results (or effects) to causes. Let’s look at some simple ex-
amples to examine this further.

A typical probability problem might be stated as fol-
lows: I have a standard die with six sides numbered from
1 through 6 and throw the die three times. What is the
probability that I will roll a 6 each time I toss the die? Now,
I might have a second (non-standard) die with three sides
numbered 1 and three sides numbered 6. Again, I can ask
the same question: What is the probability that the result
of each of three tosses of this die will be a 6?



The idea behind inverse probabilities is to turn the question
around. Here, I might observe that the results of three throws
of a die were all 6. I would then ask the question: What is the
probability that I threw the standard die (as opposed to the non-
standard die), given these results?

Predictive Distributions

In insurance work, we typically experience a number of claims or
an aggregate amount of losses in one or more prior observation
periods. The questions we want to answer are:

(1) Given such results, how many claims will we experience during
the next observation period?

(2) Given such results, what will be the aggregate loss amount
during the next observation period?

Using Bayes’ Theorem, we can construct an entire probability
distribution for such future claim frequencies or loss amounts.
Probability distributions of this type, usually called predictive
distributions, give an actuary much more information than is
available in an average or other summary statistic (such as the
expected aggregate amount of losses in the next period). It shows
us, for instance, a complete profile of the tail of the probability
distribution of aggregate losses that are of note in a value-at-
risk analysis. Predictive distributions are an important tool with
which to make business decisions under uncertainty.

Basic Credibility Concepts
Under some approaches to credibility, a compromise estimator,
C, is calculated from the relationship

C=ZR+(1-2Z)H

where R is the mean of the current observations (for example, the
data), H is the prior mean (for example, an estimate based on the
actuary’s prior data and/or opinion), and Z is the credibility fac-
tor, satisfying the condition The credibility factor, Z, is the weight
assigned to the (current) data; (1-Z) is the weight assigned to the
prior data.

As an insurance example, a new premium rate, C, is derived as
a weighted average of an old premium rate, H, and a premium rate,
R, whose calculation is based solely on observations from a recent
period. An alternative interpretation is to let C be the premium
rate for a particular class of business, to let R be the premium rate
whose calculation is based solely on the recent experience of that
class, and to let H be the insurance rate whose computation takes
into account the recent experience of all classes combined.

The credibility factor, Z, is typically of the form

n

n+k

where k > 0 and n is a measure of exposure size. Under such a
formulation, the problem becomes how to determine k.

Limited Fluctuation Approach to Credibility
The goal of the limited fluctuation approach is to find a compro-
mise estimate, C, of the form

C=ZR+ (1 - Z)H.

The limited fluctuation approach is one of the oldest, going
back at least as far as A.H. Mowbray’s 1914 paper and E.S. Perry-
man’s 1932 paper. More modern treatments, including complete
mathematical derivations, are found in a 1962 article by L.H.
Longley-Cook and in Chapter 5 of my 1999 textbook, Introduc-
tion to Credibility Theory.

The main advantage of the limited fluctuation approach is
that it is relatively simple to use. But a number of researchers and
practitioners have raised questions about the method.

The Swiss mathematician Hans Bithlmann reportedly felt
that the mathematical reasoning behind the limited fluctuation
approach as presented by Longley-Cook wasn't convincing.
Bithlmann noted that:
> The reasoning was under the frequentist paradigm of statistics
and so ignored prior data;
> The approach began by deriving the minimum volume of risks
required for full credibility;
> The derivation was performed using a confidence interval;
> The approach used a standard deviation argument to go from
the full credibility requirement to partial credibility for a smaller
volume of risks.

Bithlmann then raised the following concern with Longley-
Cook’s derivation: Why should a confidence interval that, by
definition, includes the true value with a probability of less than
1, guarantee full credibility?

Others have asked why the same weight, 1-Z, is given to the
prior mean, H, regardless of the analyst’s view of the accuracy of
H. Also, in the case of full credibility, no weight is given to the
prior mean, H, as all of the weight is given to the observed data, R.
This raises the philosophical question of whether it makes sense
to talk about full (i.e., 100 percent) credibility because more data
can generally be obtained. Some analysts believe that no data are
entitled to full credibility, so that the credibility curve should ap-
proach 1 asymptotically, without ever reaching it.

Finally, according to B. Sundt, there is an internal inconsis-
tency in the limited fluctuation approach to full credibility. He
notes that the criterion for replacing the old premium rate is
based on the assumption that the old premium rate is correct,
leading to the following conundrum: If the old premium is cor-
rect, then why replace it?

Bayesian Approach
In 1918, A. Whitney stated that the credibility factor, Z, need-
ed to be of the form

n
n+k

where n represents earned premiums and k is a constant to be de-
termined. The problem was how to determine k. Whitney wrote
that “(i)n practice k must be determined by judgment” and added
that “(t)he detailed solution to this problem depends upon the use
of inverse probabilities via Bayes’ Theorem.” Whitney was right!
The credibility estimates produced by Bithlmann's approach are
the best linear approximations to the corresponding Bayesian point
estimates. Because it typically requires less mathematical skill and
fewer computational resources and doesn't require the selection of
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a prior distribution (which can sometimes
require difficult judgments), Bithlmann’s
approach to producing point estimates is
often much more computationally tractable
than a complete Bayesian approach.

Bithlmann expressed strong support for
the Bayesian paradigm but felt that when-
ever possible the prior should be based on
experience data rather than on subjective
judgment. To quote Bithlmann, as reported
by J.C. Hickman and L. Heacock in an ar-
ticle that appeared in NAAJ in 1999,

Whereas early Bayesian statisti-
cians used the prior distribution of
risk parameters as a means to ex-
press judgment (which in insurance
we would call underwriting judg-
ment), [I] think of the probability
distribution of the risk parameters
as having an objective meaning. It
hence needs to be extracted from
the data gathered about the col-
lective. (Only in the case of a lack
of such data might one accept the

subjective view faute de mieux.) For
this reason, I have always insisted
on speaking about the structural
distribution of risk parameters,
avoiding the standard Bayesian
terminology, prior distribution.

Writing in 2006, Stephen Fienberg re-
ferred to “a long line of efforts to discover
the statistical holy grail: [objective] prior
distributions reflecting ignorance” Here
he uses the term “ignorance” as the op-
posite of highly subjective personal beliefs
that many actuaries and statisticians view
as being unscientific.

With the increased power of 21st-
century computing equipment, advances
in statistical algorithms (e.g., the EM al-
gorithm and Markov chain Monte Carlo
methods) used to implement the Bayesian
approach, and widely available software
that performs Bayesian inference (i.e.,
WinBUGS?), a wider class of problems is
becoming susceptible to solution via the
Bayesian approach. [
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Note

1. The BUGS (Bayesian inference Using
Gibbs Sampling) Project (begun by the
MRC Biostatistics unit at Imperial College,
London) is concerned with the develop-
ment of flexible software for Bayesian
analysis of complex statistical models using
Markov chain Monte Carlo methods. The
“Win” prefix refers to Microsoft’s Windows
operating system.



