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Pricing Equity-Indexed Annuities

environment has led actuaries to design new types of annuity products that link return
to stock market performance. One of these products is equity-indexed annuities (EIAS).
When a stock index, typically the S&P 500, goes up, ElAs provide policyholders with a
rate of return connected to the return of the index. When the index goes down, EIAs

Embedded with Exotic Options

N THE DEFERRED ANNUITIES MARKET, THE PORTION OF FIXED-RATE ANNUITIES in annual
sales has declined from one-half in 1994 to one-quarter in 1999. This is due in
part to relatively low interest rates and a bullish stock market. The new economic

provide policyholders with a minimum guaranteed return.

Since the first offering in 1995, sales of EIAs have
rapidly increased. In 1996, 1997, 1998, 1999, and
2000, sales were at $1.5, $3.0, $4.3, $5.1, and $5.4
billion, respectively.

There are several reasons for the increasing pop-
ularity of EIAs. First, they offer returns that are linked
to the performance of an equity index and never fall
lower than a minimum guaranteed return (usually 3
percent per annum). EIAs may be the most suitable
products for those who normally are reluctant to buy
traditional fixed annuities because of low returns and
are also reluctant to buy mutual funds and stocks for
fear of high volatility in the stock market.

Second, EIAs may serve as tax deferral investment
vehicles and possess a tax advantage relative to mu-
tual funds and other bank products.

Third, ElAs also appeal to insurance companies
and agents because companies selling them don't have
to register with the Securities and Exchange Com-
mission (SEC) and agents don't need a special license
to sell them.

However, pricing, hedging, and reserving EIAs are
challenging problems due to the complex payoff struc-
ture. Although insurers have experience in manag-
ing interest risk and mortality risk, the minimum
guarantees related to the equity market are relative-
ly new to them. Unlike traditional life products, EIAs
cannot be hedged through diversification. First of all,
pricing EIAs is the prerequisite for hedging and re-
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serving them. Evaluating the guarantee embedded in
an EIA is difficult and often requires advanced sto-
chastic modeling techniques.

Two key factors for pricing EIAs are participation
rate and indexing method. The participation rate is
the percentage of the index return to be credited.
Thus, the insurance company credits the EIA policy
either the index return times the participation rate or
a minimum guaranteed return, whichever is greater.

For example, if we assume that the index return
is 20 percent, the participation rate is 90 percent,
and the minimum guaranteed return is 15 percent,
then the actual return credited to the policy will be
18 percent.

An indexing method is the method the insurer
uses to calculate the index return based on the index
values in the contract term. There are several index-
ing methods such as point-to-point, Asian, lookback,
and annual reset. A point-to-point EIA, for example,
measures the index increment from the start to the
end of a contract term. The increment divided by the
start index is the index return.

As pointed out in Tiong’s paper “Valuing Equity-
Indexed Annuities,” sales of EIAs rapidly increased
since the first offering, but growth rate has recently
shown signs of slowing down because the current
volatile equity market increases the costs of guaran-
tees in the EIAs and hence decreases the participa-
tion rates. Thus, new EIAs with higher participation
rates need to be designed ElAs that are similar to ex-
isting ones and have a cheaper guarantee such as that
provided by a barrier option or a partial lookback op-
tion.

To make EIAs more attractive to customers, | pro-
pose three types of EIAs with higher participation
rates: a barrier EIA, an annual reset EIA with barrier,
and a partial lookback EIA. In addition, | shall pre-
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sent pricing formulas for them, using the method of Esscher trans-
forms under a Black-Scholes framework.

Probability Distributions and Esscher Transforms

The payoffs of the proposed EIAs depend on the underlying in-
dex value and the maximum index value for a specified term.
This section describes joint probability distributions and the
method of Esscher transforms necessary for pricing them.

Let S(t) denote the time-t price of an equity index. Assume
that the index is constructed with all dividends reinvested. As-
sume that fort = 0,

S(t) = S(0)ex®

where {X(t)} is a Brownian motion with drift u, diffusion coef-
ficient gand X(0) = 0. Thus X(t) has a normal distribution with
mean pt and variance o2t . Let

M(t) = max{X(1),0 <t <t} 2.1)

be the maximum of the Brownian motion between time 0 and
time t. It is known that for x<mand m =0,

PrX(t) < x, M(t) < m = & X=Hb) _ e%fu2m pE=2M=ity .
oV oV

where @,(.) denotes the standard normal distribution function.

Furthermore, in pricing the partial lookback and barrier
ElAs, its useful to know the joint distribution function of ran-
dom variables M(t) and X(T), 0 <t<T,

Pr(M(t) =m, X(T) £x) (2.3)

- X4l m—pt 250 o X=2m =T m— pt
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where @,(a, b; p) denotes the bivariate standard normal distri-
bution function.

Finally, Gerber and Shiu (1994, 1996) developed a special
case of the method of Esscher transforms. For a nonzero real
number h, the moment generating function of X(t), E[e™®] ex-
ists for all t = 0, because {X(t)} is the Brownian motion as de-
scribed above. The stochastic process

{eNXOE[ehx(0]-1}

is a positive martingale, which can be used to define a new prob-
ability measure Q. In technical terms, the process is used to de-
fine the Radon-Nikodym derivative dQ/dP, where P is the orig-

inal probability measure. We call Q the Esscher measure of pa-
rameter h.
For a random variable Y that is a real-valued function of {X(t),
0 <t < T}, the expectation of Y under the new probability mea-
sure Q is calculated as
ehX(M)

ELY E_[e%(T)] ]

(24)
which will be denoted by E[Y; h]. Note that the process {X(t)}
under the Esscher measure of parameter h is a Brownian mo-
tion with drift i + ha? and diffusion coefficient o. The risk-
neutral Esscher measure is the Esscher measure of parameter h
= h* with respect to which the process {e"S(t), 0 <t<T}isa
martingale. Thus,

E[eS(t); h*] = S(0). (2.5)
Therefore, h* is the solution of
u+h*o2=r-g?2. (2.6)

Now, let us consider a special case of the factorization for-
mula (Gerber and Shiu, 1994, p 177, 1996, p 188). For a ran-
dom variable Y that is a real-valued function of {X(t), 0 <t< T},
the formula can be derived as follows:

E[eXMY; h*] = eT E[Y; h* + 1]. @2.7)

The formula (2.7) will simplify many calculations in pricing
the proposed EIAs.

Barrier EIA

The payoff of a point-to-point EIA depends only on the price
of an underlying index on the ending date of the policy. The
advantages of the EIA are its simplicity, making it relatively easy
to explain the payoff to agents and customers, and good per-
formance in a bullish equity market. However, the payoff will
be the same regardless of the path taken by the index to attain
its final value. If customers believe that the underlying index
will rise above a barrier in a certain period, then they may not
want to pay a high premium for the option embedded in a point-
to-point EIA and will be reluctant to buy one.

The payoffs of barrier options are the same as those of their
underlying plain-vanilla options if the path of an underlying
asset satisfies an activating condition. Otherwise, they'll be ze-
ro. The barrier options are cheaper than their underlying plain-
vanilla options because the payoffs of the barrier options are
less than or equal to those of the plain-vanilla options.

Contingencies JanuARY/FEBRUARY 2002

35



In addition, sellers of barrier options may be able to limit
their risk if they fail in hedging the options, because the pay-
offs are less volatile than those of their underlying plain-vanil-
la options. Barrier options have been substantially traded in the
over-the-counter market since the late 1980s because they're
attractive to both buyers and sellers.

To increase the participation rate, let us now apply an up-
and-in barrier option to new EIAs as alternatives to point-to-
point EIAs. The payoff of a barrier EIA is as follows:

If the index rises above a barrier in a certain period, the re-
turn credited to the policy will be the greater of either a min-
imum guaranteed return or the index return times the participa-
tion rate. If the index doesn't rise, the minimum guaranteed
return will be credited. The cost of the option embedded in
an EIA is key to increasing the participation rate; the cheap-
er the option price, the higher the participation rate and there-
fore the greater the customer’s return. Thus, the barrier EIA
provides customers with a higher participation rate than point-
to-point ElAs.

Lets take a close look at the payoff of the barrier EIA with
the monitoring period from time O to time t (t < T). Assume
that the minimum guaranteed return is g for the contract term,
the participation rate is a), and the barrier is B. Let u =
log[B/S(0)] and k = log(1 + g/a) Then the payoff can be ex-
pressed as
follows:

S(O)[1 + a(eX(D-1)], if X(T) > k and M(t) > u
S(0)(1 + g), otherwise, 3.1)

that is,
S(O)[aE® —a = gIX(T) >k, M(t) >u) + (1 +9)], 32

where I(-) denotes the indicator function.
By the fundamental theorem of asset pricing, the time-0 value
of the payoff (3.2) is
S(0)eE[(aeX™ — a = g)I(X(T) >k, M(t) > u) + (1 +g); h*]
= S(0)[o e TE[eXMI(X(T) >k, M(t) > u); h*]

— (o +g)ePr(X(T) >k, M(t) > u; h*) +eT(1+g)]. (33

It follows from (2.3) that we have the probability,
(X(T) > k, M(t) > u) ,‘r
= oM T W AE ) 4 oo kT il By
cT ot T oT ot T

= Py(H). e0

Applying the factorization formula (2.7) to the first expectation
on the right-hand side of (3.3), the time-0 value of the barrier
ElAis

S(O)[aP(r + 6%2)—(a+ g)eTP,(r — 0%/2) + e"T(1+g)].

In particular, the time-0 value of the barrier EIA with the

(3.5)
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monitoring period from time 0 to time T is

SO)[aP,(r + 0%2, T) - (a+ g)ePy(r — 0?2, T) +eT(1+0)]
=V(T), (3.6)
where v v e
Pz(,u, T) = CD(__U_IJ_T) + eauzu [(D(i_ﬂ) _ q)(k—Zu—gT)]
oT T oT

Annual Reset EIA with Barrier

Unlike point-to-point ElAs, annual reset EIAs measure the an-
nual returns on the index in each policy year and credit the pol-
icy annually compounded interest that is the greater of either
the annual index return times the participation rate or a mini-
mum guaranteed rate. These EIAs enable customers to profit in
years the index goes up and never to lose in years the index
goes down. Thus, the annual reset EIAs credit better interest to
the policy in a volatile market.

A drawback of annual reset EIAs is that the participation rate
is relatively low because these EIAs have one embedded option
in each policy year. (For numerical values of the participation
rate, see Tiong, 2000a, p. 44.) Though actuaries have devel-
oped annual reset EIAs with a cap or a spread to increase the
participation rate, these EIAs have a disadvantage in that rela-
tively low interest is credited to the policy when the index goes
up. Just as we previously applied barrier options to point-to-
point EIAs, let us now apply barrier options to annual reset EIAs
to increase the participation rates.

In each period, the annual reset EIA will provide customers
with the greater of either the annual index return times the par-
ticipation rate or a minimum guaranteed rate if the maximum
index value for each period rises above a barrier. Otherwise, the
EIA will credit to the policyholder the minimum guaranteed
rate as an annual return.

Note that the total return is defined as the return plus one
(Luenberger, 1998, p. 138). Let

M; = max{X(s) — X(t_y), iy <s<t},i=1,2,...,n (41

where t; — t,_; = T/n, tg = 0 and t,, = T. Assume that the mini-
mum guaranteed rate is g for each period from time t;_; to time
t;, and the participation rate is a for each period. Let k = log(1
+g/a) and u = k. Assume X; = X(t;) — X(t,_;). Hence, the random
vectors (X;, M;) are independently and identically distributed
with the random vector (X(T/n), M(T/n)). The total return of
each period is as follows:

1+a(eXi-1),if X;>kand M;>u

1 + g, otherwise, 4.2)
that is,
(e —a — g)I(X; > k, M;>u) + (1 +9). 3)
Thus, the payoff of the annual reset EIA with barrier is
S(O)M1 (o€ — o = g)1(X; > k, My > U) + (1 + )] @4



By the fundamental theorem of asset pricing, the time-0 value
of the payoff (4.4) is calculated as foll‘?m;

S(0)e-"TE[T [(@e — a — g)1(X; > k, M; > u) + (1 +a)l:0¥]
=S(O)11 e TrE[(e’ — o O)I(; >k, W, 1) X g
= SOV(TM)". 9

(45
Partial Lookback EIA v v v U

A lookback EIA credits the policy the interest based on the
maximum index value attained during the life of the policy
instead of the index value at maturity. It o rs a minimum
guaranteed return if the maximum index value is low. Even
when the index has a high maximum val At drops sub-
stantially at maturity, the lookbaaf EIA p.¥..Jes customers
with higher interest than a point-to-point EIA. However, the
option embedded in the lookback EIA iF expensive than
the option in a point-to-poinf ZIA. ForX.... reason, the par-
ticipation rate of the lookback EIA is lower than, the point-
to-point EIA.

Heynen and Kat (1994a) suggest a way of reducing the price
of a lookback option while preserving soma-of its good quali-
ties. The solution, they say, lies in a partial loOkback option with
a floating strike that has a minimum and increases with the
maximum value of an underlying asset.
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The variable guaranteed return of the EIA will increase with
the maximuyd™  dex value for the monitoring period and will
be bounded below by the minimum guaranteed return. If the
index return mulylied by the participation rate is bigger than
the variable guaranteed return, it will be the return credited to
the policy. Otherwise, the EIAs will provide customers with the
variable guaranteed return.

Lets take a closer look at the payoff of the partial lookback
EIA as follows:

S(O)[a(eXM — 1) + 1], if eX(D > \gmax(M(®. L)

S(0)[o(Aemax(M®. L) 1) + 1], otherwise, (5.1)

this is,
S(0)[or(AemaxM(®. L) — eX(M), + o (eX(M — 1) + 1],

where g denotes the minimum guaranteed return for the con-
tract period, L denotes log[(g/a+1)/A], and A lies between zero
and one, and t < T. Note that the variable guaranteed return is
C(()\emax(M(t), L) _1)_

By the fundamental theorem of asset pricing, it follows from

(6.2)
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the payoff (5.2) that the time-0 value of this partial lookback
ElA s

S(0){or e TE[(Aemax(M®. L) — eX(M)_-h*] + o + e7T(1 - a)}.

Applying conditional expectation with respect to the ran-
dom variables X(t) and M(t), we can obtain the time-0 value of
the partial lookback option embedded in the EIA,

e—rTE[()\emax(L, M(t)) — eX(T))+; h*]
= - (f) ® (-e+ —GA)
o T-t

(5:3)

g2 log A log A . t

+ A0 o, (dy+ - - 1-d
212 oT ' o Tt T

_\ Q21 25t 2rt g 2r T, logh. t
AT Pl TH AT = A )

A (1+ D) e D () P (-epr %A )
2r o Tt

+he el (%A, ;L)

(5:4)

—L+(r+(=1)"1 % 02T,
oT

where for i = 1 and 2, d; denotes



